It is shown, bijectively, that excedances and descents are equidistributed, and the corresponding descent polynomial, analogous to the Eulerian polynomial, is computed as the f {eulerian polynomial of a simple polynomial. The descent polynomial is shown to equal the h{polynomial (essentially the h{vector) of a certain triangulation of the unit d{cube. This is proved by a bijection which exploits the fact that the h{vector of the simplicial complex arising from the triangulation can be computed via a shelling of the complex. The famous formula A result of Stanley, relating the number of permutations with k descents to the volume of a certain \slice" of the unit d{cube, is also generalized.
Introduction
There is a wealth of literature on various statistics of the elements of the symmetric group S d (see for example 9] and 12] for a bibliography) and some of this has recently been generalized to the hyperoctahedral group B d (see 17] ). In this paper we generalize some of these statistics to the wreath product Z n o S d of the cyclic group on n elements by the symmetric group S d .
In the classical case of the symmetric group S d , whose elements we view as permutations of the set d] = f1; 2; : : : ; dg, represented as words, a descent in = a 1 a 2 : : :a d 2 S d is an i in d ?1] such that a i > a i+1 , i.e. where a letter in the word is larger than its successor. The descent set D( ) of is the set of those i 2 d ? 1] for which a i > a i+1 , i.e. D( ) = fi 2 d{1] j a i > a i+1 g. An excedance in is an i in d] such that a i > i and the excedance set of is E( ) = fi 2 d] j a i > ig. We set 1 d( ) = #D( ) and e( ) = #E( ). As an example, the permutation = 34521 has D( ) = f3; 4g and E( ) = f1; 2; 3g, and hence d( ) = 2 and e( ) = 3. We construct the descent polynomial D d (t) of S d by de ning its k{th coe cient to be the number of permutations in S d with k descents and the excedance polynomial E d (t) of S d in an analogous way. It is well known that D d (t) = E d (t), i.e. descents and excedances are equidistributed over S d . Moreover, D d (t) equals, up to a factor of t, the d{th Eulerian polynomial A d (t). The Eulerian polynomials have been extensively studied in various di erent contexts.
Other statistics which have been much studied are the major index and the inversion index of a permutation. The major index maj( ) of = a 1 a 2 : : :a d is the sum of all i in the descent set of . An inversion in is a pair (i; j) such that i < j and a i > a j . The inversion index of a permutation is the number of inversions in and is denoted inv( ). It is known that inv and maj are equidistributed, i. Recently, Denert 7 ] described a new statistic on S d , de ned in terms of excedances (see section 4.3 here). She conjectured that the joint distribution of the pair (d( ); maj( )) was equal to that of (e( ); den( )), i.e. that P 2S d t d( ) x maj( ) = P 2S d t e( ) x den( ) . In 10], Foata and Zeilberger proved the conjecture, and later Han (see 13] ) constructed an explicit bijection to prove this.
In this paper, we generalize the de nitions of descents and excedances to the elements (which we call indexed permutations) of the groups S n d := Z n o S d , where o is wreath product with respect to the usual action of S d by permutations of d].
These groups are unitary groups generated by re ections, i.e. the symmetry groups of certain regular complex polytopes (see 18] ). The elements of S n d can be represented by permutation words in S d where each letter a i has a subscript z i (its index), where z i 2 f0; 1; : : : ; n ? 1g. As an example, 2 5 4 0 1 2 3 1 is an element of S 6 4 . We show, bijectively, that excedances and descents are still equidistributed, and we compute the corresponding descent polynomials D n d (t) as the f{eulerian polynomial of a simple polynomial.
We also show that the descent polynomial equals the h{polynomial (essentially the h{vector) of a certain triangulation of the unit d{cube. This is done by constructing a bijection which exploits the fact that the h{vector of the triangulation in question can be computed via a shelling of the simplicial complex arising from the triangulation.
Using the work of Brenti 6] , we show that the descent polynomials D n d (t) have only real roots, which implies that they are unimodal.
We also generalize the famous formula Many of the statistics studied here are computed on a ner scale than just for the groups S n d , namely for the left cosets of a certain distinguished subgroup of S n d . The bijection mentioned above, which proves the equality of D n d (t) and the h{polynomial of a triangulation of the unit d{cube, relates each of these cosets to a certain geometrically de ned subcomplex of the triangulation in question.
The following notation will be adhered to throughout:
We denote by n] the set f1; 2; : : : ng which, when relevant, is assumed endowed with its usual linear order.
The quotient Z=nZ where Z is the in nite cyclic group of integers and n 2 Z will be denoted Z n . We always represent the elements of Z n by the elements of f0; 1; : : : ; n ? 1g, and when we refer to an ordering of the elements of Z n it is the ordering induced by the usual ordering of f0; 1; : : : ; n ? 1g.
An element of the symmetric group S d will most often be represented as a word = a 1 a 2 : : : a d , where a i = (i).
We use boldface letters to denote vectors, for example z = (z 1 ; z 2 ; : : :; z d ). In particular, 0 := (0; 0; : : : ; 0).
We shall be concerned with the elements of the wreath product Z n o S d . In the proof of the next lemma, we make use of a bijection which is described in the appendix at the end of this paper.
Lemma 10 Lemma 12 Suppose w = (w 1 ; w 2 ; : : :; w d ) has w k > 0 for some k and w j = 0 for some j and that z = (z 1 ; z 2 ; : : :; z d ) satis es z k = 0, z j > 0 and z i = w i for i 6 2 fk; jg. Then there is a bijection 0 : S w ! S z such that e( 0 (p)) = e(p).
Proof: A positive coordinate w i of w a ects excedances in p = (w) in a way which is independent of whether w i = 1 or w i > 1. Hence we may assume, without loss of generality, that z i ; w i 2 f0; 1g for all i. Then, z j = w k = 1 and z k = w j = 0. That is, z is obtained from w by transposing w k and w j . Let p = (1) For all 2 S d such that either xes both j and k or neither, i.e. either a j = j and a k = k or a j 6 = j and a k 6 = k, we let 0 ( ) = . Hence, for such p, q = 0 (p) is obtained from p simply by interchanging the indices of k and j in p (i.e. k gets the index w j and j the index w k ). Consequently, the number of excedances is preserved, for in the rst case we are moving an excedance from k to j and in the latter case no excedances will be a ected since a j 6 = j and a k 6 = k. so that = 3214657. Then F = f2; 4; 7g and D = f1; 3; 5; 6g. Hence, xes 4; 5 and 7. maps f1; 3; 5; 6g to f1; 2; 3; 6g by sending 1 to 1, 3 to 2, 5 to 3 and 6 to 6.
Hence, = 2164537, so 0 (p) = 2 0 1 0 6 0 4 1 5 1 3 1 7 0 . Again, this is injective because if 0 ( ) = 0 ( ) then 0 ( ) and 0 ( ) have the same xed points, and hence and have the same xed points, so and must be identical on the remaining elements of d], because the bijection was unique.
(3) The case when a k 6 = k and a j = j is similar to (2) . As a matter of fact, it turns out that the similar argument results in this: If p 2 fq = (w) 2 S w j a k 6 = k and a j = jg then 0 (p) = ( 0 ) ?1 ( ) ( 0 ) ?1 ( )(z), which is well de ned, because ( 0 ) ?1 ( ) is (implicitly) de ned in (2) .
As an example, since we had 0 (3 1 It is obvious that S w is the disjoint union of the domains described in (1), (2) and (3) and that S z is the disjoint union of the images in (1), (2) 8
As a generalization of the Eulerian polynomials, a polynomial P(t) which satis es The same is true of the polynomial D z (t) for any z 2 Z d n . This can be derived in a way which trivially generalizes to the derivation for D n d (t): Let be a simplex. In what follows we will, by abuse of notation, also let denote the complex consisting of and all its faces and, in case has a geometric realization in the euclidean space R d , the subspace of R d realizing .
De nition 21 Let K be a nite pure simplicial complex of dimension d. An ordering F 1 ; F 2 ; : : : ; F n of the facets of K is called a shelling if, for all k with 1 < k n,
F i is a pure complex of dimension (d-1). A complex K is said to be shellable if there exists a shelling of K.
That is, a complex is shellable if it can be built up by adding one facet at a time in such a way that, for k > 1, the intersection of each F k with the complex generated by the previous F i 's is a nonempty union of (d-1)-faces of F k .
As it turns out, the h-vector of a shellable complex can be computed from the shelling. The following theorem is essentially due to McMullen For example, the 2-faces of 213 = fx = (x 1 ; x 2 ; x 3 ) 2 C 3 j 1 x 2 x 1 x 3 0g are fx 2 C 3 j 1 = x 2 x 1 x 3 0g; fx 2 C 3 j 1 x 2 = x 1 x 3 0g; fx 2 C 3 j 1 x 2 x 1 = x 3 0g; fx 2 C 3 j 1 x 2 x 1 x 3 = 0g:
The following lemma is a straightforward consequence of Remark 24. 
The triangulation and shelling of nC d
We will now construct a triangulation d Euler number and there is a remarkable formula, due to Andr e 1], related to these. Namely, we have
It seems that to generalize the de nition of alternating permutation to our S n d , one ought to consider the descent/ascent at d, and we will do this later. However, such a de nition isn't altogether satisfying, beause it means that in the case of S Note that this interchanges the de nitions from the classical case. We now turn to computing the distribution of alternating indexed permutatins. Once again, we will do this not for S n d as a whole, but for each coset S z . One can derive several recurrence relations between the entries in the BE-triangle, but there is a particular one which we will need. If we cut o the rst d + 1 lines of the triangle and turn this initial segment upside down, then we can express the entries a k d in the top line as a polynomial in k. Let As an example, den(326541) = (1 + 3 + 4) + inv(365) + inv(241) = 8 + 1 + 2 = 11. Denert conjectured that the joint distribution of the pair (d; maj) was equal to that of (e; den), i.e. that Theorem 51 The following algorithm de nes a bijection : S n ! S n such that d( ) = e( ( )): Let = a 1 a 2 : : :a n be a permutation word in S n . We de ne a bijection : S n ! S n by constructing = b 1 b 2 : : :b n = ( ) from as follows: De ne a 0 := 0 and let k 2 n]. If a k > a m for some m > k then a k is in place number a k+1 in (i.e. b a k+1 := a k ). Otherwise, nd the rst (rightmost) number in which is less than a k (and hence is to the left of a k ). If this number is a i then a k is in place number a i+1 in . In particular, this means that : : :ab : : : is a descent in if and only if a is in the b-th place in and hence constitutes an excedance in .
23
Example 52 (35142) = 54123. 5 goes to the rst place and 4 to the second because 51 and 42 are descents in 35142. To place 1, since no number less than 1 appears after 1 we trace back until we hit 0. The successor of 0 is 3 so 1 goes to the third place. 2; trace back to 1, whose successor is 4 so 2 goes to the fourth place. 3 has smaller numbers to its right so 3 goes to the fth place, 5 being the successor of 3.
The following is a straightforward consequence of Theorem 51.
Corollary 53 Let = a 1 a 2 : : :a n and let = ( ) = b 1 b 2 : : :b n . Suppose that xes i, i.e. b i = i, and let k be such that a k = i. Then a m > a k for any m > k and a k?1 < a k . In particular, if a n = i then a m 6 = m for any m > i.
